PACS. 73.50Jt -Galvanomagnetic and other magnetotransport effects (including thermomagnetic effects). PACS. 73.40Hm-Quantum Hall effect (integer and fractional). PACS. 05.60+w -Transport processes: theory.
Transport in two-dimensional (2D) electron systems in a spatially random magnetic field (RMF) has generated great theoretical [1] , [2] and experimental interest [3] - [5] in recent years, and is now understood to be distinctly different from transport in systems with ordinary potential disorder. Experimentally, these systems have been realized using high-mobility heterostructure materials and overlayers of superconductors or ferromagnets [3] - [5] and may be related to quantum Hall transport around filling factor 1/2 [1] .
In the presence of a strong external uniform magnetic field and negligible potential disorder, electrons in a RMF move in spiraling cyclotron orbits with guiding centers moving along the contours of constant magnetic field [6] . Because contours are generically closed [7] , electrons confined to contours do not contribute to total conductance in the limit of zero cyclotron radius. A similar situation arises in the case of electron gas moving in a long-range potential and strong uniform magnetic field, where the guiding centers move along the contours of constant potential, as recently discussed by Fogler et al. [8] . In that case, the authors of [8] showed that a finite cyclotron radius allowing the electrons to "jump" between different contours only leads to an exponentially small conductance. In general, scattering from short-range potential disorder increases the probability of such jumps, significantly enhancing the total conductance via the same mechanism: by freeing those electrons which would otherwise be trapped on closed contours of the RMF or long-range potential disorder. That type of transport may be called advective, in analogy with the well-studied problem in fluid dynamics where the transport of a tracer particle due to molecular diffusion becomes greatly enhanced due to flow of the fluid [9] .
A useful measure to analyze transport in a system with both RMF and ordinary potential disorder is the ratio R = σ RMF xx /σ xx of the longitudinal conductances with and without the RMF. In this letter we present a novel analysis of advective transport in a RMF, leading to non-trivial scaling of the ratio R with the scattering time of the ordinary potential. We then compare theoretical predictions to experiments in a high-mobility 2D electron gas (2DEG) with a spatially random high-field magnet on the surface and controllable potential disorder.
We begin by discussing the classical statistical theory of electron motion in an inhomogeneous perpendicular magnetic field, B(r). The following notation is used throughout the paper: ω 0 and δω represent, respectively, the average and standard deviation of the random cyclotron frequency ω c (r) = eB(r) m * c , ξ B and ξ P are the experimentally determined correlation lengths of the RMF and ordinary potential V (r), respectively. The strengths and spatial scales of the two independent disorders relevant to the experiment satisfy the inequalities
where v F is the Fermi velocity and E F is the Fermi energy, and it is these limits that we consider in this letter. Note that the first inequality implies only that the random magnetic field varies slowly with position; no assumption about its strength is made.
To study transport in this mixed-disorder regime, we take advantage of the assumed separation of disorder length scales. Following the analysis of ref. [2] , magnetic randomness is treated as a Lorentz force term in the left-hand side of the Boltzmann equation, while potential randomness leads to diffusion, characterized by a transport time τ tr . Charge conservation then implies a diffusion equation for the fluctuating part of the particle density,
where β(r) = ω c (r)τ tr is the local dimensionless cyclotron parameter,
F τ tr is the ordinary diffusion coefficient and ∇ ⊥ = (∂/∂y, −∂/∂x) [10] . We will refer to the first and second terms in the r.h.s. as diffusive and advective terms, respectively. Equation (1) generalizes the standard advection-diffusion problem studied in fluid dynamics and plasma physics [7] described by the equation
In the long-time, long-wavelength limit, solutions to eq. (2) are known to converge to solutions of the usual diffusion equation [11] , [12] ,
with an effective diffusion constant, D eff . In the standard advection-diffusion problem, eq. (2), one distinguishes two regimes: the diffusive regime, in which the first (diffusive) term on the right-hand side dominates and advection may be ignored, and the advective regime, in which the advective term makes a significant contribution to the transport coefficients. The dimensionless parameter characterizing the relative strength of advection over diffusion is the so-called Peclét number P = ξu 0 /D * , where ξ and u 0 are, respectively, the characteristic spatial scale and amplitude of the random velocity field u(r).
Now, returning to our problem, eq. (1), the Peclét number in this case is approximately given by the RMF cyclotron parameter, P ≈ δωτ tr and the two corresponding transport regimes are defined as follows: i) Strong disorder, when the inequality τ , has been a subject of several theoretical and numerical studies over the past decade [7] , [13] - [16] . Heuristic arguments [14] and non-local variational principles [16] lead to the expression [10] . In the limit δωτ tr 1, the prefactor a(τ tr ) → 1, giving the simple scaling form
where
is a constant that depends on the geometry and statistical properties of the random surface. In eq. (4), ν is the critical exponent for the correlation length of the level contours of B(r), and d f is the fractal dimension of these contours [7] . If B(r) has Gaussian statistics and is short-range correlated, then ν = [14] . For non-Gaussian statistics of B(r), the value of ν depends on the distribution of saddle-point heights [18] . If B(r) is doubly periodic, for instance, then ν = d f = 0, giving α 0 = 1 2 , a result known from boundary layer considerations [19] . The scaling relation, eq. (3), is the main signature of advective transport that we investigate experimentally, as described below.
The experimental system consists of a 200 mm wide by 3 mm long Hall bar fabricated from a high-mobility GaAs/AlGaAs heterostructure (see fig. 1c, inset) . Sheet density and scattering times are controlled by applying voltages in the range V gate = −1.2 to +0.7V to two independent gates thermally evaporated onto one half of each structure (gate material is 100Å Cr followed by 2500Å Au). To generate the random magnetic field, a neodymium-iron-boron (Nd-Fe-B) permanent magnet (300 mm wide, 200 mm tall, 1.5 mm long) was affixed with polymethyl methacrylate (PMMA) to the Hall bar above the gate with the easy magnetization axis of the sintered material perpendicular to the surface [4] , [5] . The Nd-Fe-B magnet is attached in a demagnetized state ( fig. 1a ), but after cooling the sample and ramping an external perpendicular magnetic field B ext to 6 T, the material becomes permanently magnetized, creating a field of B 0 ∼ 0.15 T at the electron gas as measured from the Hall resistance offset, seen as the intersection point of the Hall resistances in fig. 1b . The effective average field B eff felt by the electrons is the difference between the applied field and this constant offset,
The rough surface of the Nd-Fe-B ( fig. 1c , lower inset) generates a spatially random magnetic field at the 2DEG with standard deviation δB ∼ 0.04 T (measured by a best fit lowfield magnetoresistance [4] ), and characteristic length scale ξ B ≈ 20 mm. The permanent magnetization is insensitive to changes in B ext in the range ∼ −0.5 T to 0.5 T of interest in the experiment, and little hysteresis is observed in this range following initial magnetization. Longitudinal and Hall resistances were measured at 4.2 K on both the end of the Hall bar under the magnet ("covered") and the end without the magnet ("uncovered") using standard ac lockin techniques at 3 Hz with a current bias of 100 nA. Following the transport measurements in the RMF, the Nd-Fe-B magnet was taken off and the measurements repeated on the previously covered side. We note that at these temperatures and magnetic fields quantum effects in the form of Shubnikov-de Haas oscillations are not observed [5] . Conductivities with and without the RMF, σ RMF xx and σ xx , were then computed from the measured ρ xx 's and ρ xy 's as a function of gate voltage. The non-RMF data are based on the runs after removing the magnet, with the uncovered half of the sample serving as a control. The dependence of τ tr on V gate was found to be repeatable for a particular sample through multiple thermal cyclings, allowing V gate to serve as a reliable and repeatable "knob" controlling τ tr .
Two samples with different ranges of transport elastic-scattering time τ tr (V gate ) are reported. In sample 1, τ tr ranged from 0.1 to 10 ps, corresponding to ranges n = 7.9×10
15 -1.
and µ = 0.23-26 m 2 /(V s). In sample 2, τ tr ranged from 0.5 to 30 ps, corresponding to ranges n = 9.9 × 10 14 -3.8 × 10 15 cm −2 and µ = 2.2-78 m 2 /(V s). We will concentrate on data from the "cleaner" sample 2 since the advective regime is reached more easily for larger τ tr . Figure 1c shows the ratio R = σ RMF xx /σ xx as a function of τ tr at effective magnetic fields B eff = 0 and B eff = 0.24 T. The ratio R is equivalent to the ratio D eff /D * and so is expected to scale with τ tr as in eq. (3) in the advective regime. Figures 1c illustrates the key difference between the advective and diffusive regimes: At low B eff -the diffusive regime-the RMF acts to increase the total disorder, so that as τ tr is increased (potential scattering reduced), the RMF becomes the dominant source of scattering, leading to a decreasing R with increasing τ tr . On the other hand, for larger B eff the advective regime is reached and the RMF causes advection of guiding centers, leading to an increasing R with increasing τ tr , as predicted by eq. (3). Figure 2 shows in greater detail how this transition from the diffusive to the advective regime depends on B eff . The transition is indicated by a crossover from decreasing to increasing R with increasing τ tr , marked by a triangle below each trace in fig. 2 . For higher B eff the crossover region moves to lower values of τ tr with the minimum of R(τ tr ) depending on B eff , according to ω 0 τ min ∼ 6 (see fig. 2, inset) .
To look for scaling in the advective regime, τ tr > τ min , we define a scaling exponent
comparable to α 0 in eq. (3). Figure 3 shows the measured α as a function of τ tr at different values of B eff and in the inset as a function of B eff at fixed τ tr . We see that only for B eff ∼ 0 (in the high-mobility sample for B eff . 0.01 T) does α remain negative for all values of τ tr . This behavior indicates that R decreases monotonically around B eff ∼ 0 as already seen in fig. 1c ).
As we increase B eff , α levels off for large values of τ tr , which we interpret as having entered the advective regime of (3). A characteristic feature of α as a function of B eff (inset, fig. 3 ) is the dip near zero that becomes deeper for larger τ tr . This is expected from our prediction that α(0, τ tr ) should be monotonically decreasing with increasing τ tr . Figure 3 indicates that the advective regime is first reached at τ tr = 22 ps (P = 5.72), at high magnetic fields, where α(B eff , 22 ps) → 0.65. The τ tr = 22 ps data, shown as the topmost curve in the inset of fig. 3 , emphasizes the asymptotic nature of the evolution of α.
At higher τ tr , for B eff & 0.1 T, α(B eff , τ tr ) is virtually constant at 0.65. This constant value of α, independent of τ tr and B eff , is the experimental signature of the expected power law, R ∝ τ α tr . The measured scaling exponent α = 0.65 is within the range 1/2 < α < 10/13 expected from the present theory. The specific attributes of the experiment which lead to the particular value 0.65 are not understood at this point, however it is known that deviations from Gaussian fluctuations of B(r) will change the scaling of advective transport within the range allowed by eq. (4).
In summary, we have investigated classical advection of guiding center motion of disordered 2DEG in a RMF, and found theoretically a novel scaling of the ratio R of diffusion constants or conductivities with and without the RMF as a function of τ tr . Experiments confirm the expected power law scaling, and give a scaling exponent consistent with theory. ***
